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An autothermal membrane reformer comprising two separated compartments, a
methane oxidation catalytic bed and a methane steam reforming bed, which hosts
hydrogen separation membranes, is optimized for hydrogen production by steam
reforming of methane to power a polymer electrolyte membrane fuel cell (PEMFC)
stack. Capitalizing on recent experimental demonstrations of hydrogen production in
such a reactor, we develop here an appropriate model, validate it with experimental
data and then use it for the hydrogen generation optimization in terms of the reformer
efficiency and power output. The optimized reformer, with adequate hydrogen separa-
tion area, optimized exothermic-to-endothermic feed ratio and reduced heat losses, is
shown to be capable to fuel kW-range PEMFC stacks, with a methane-to-hydrogen
conversion efficiency of up to 0.8. This is expected to provide an overall methane-to-
electric power efficiency of a combined reformer-fuel cell unit of �0.5. Recycling of
steam reforming effluent to the oxidation bed for combustion of unreacted and unsepa-
rated compounds is expected to provide an additional efficiency gain. VVC 2010 American
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Introduction

Hydrogen is a very promising environmentally friendly
fuel, its combustion in fuel cells directly produces electricity
in a pollution-free way with efficiency (claimed to be 60%
for PEM fuel cells) that is much higher than that of heat
engines (30% and lower). The high energy transformation ef-
ficiency of fuel cells may decrease significantly carbon diox-
ide emission, even when fossil fuels are still used as a
source of hydrogen. Conventionally, hydrogen production is
carried out by the industrial-scale steam reforming of natural

gas, which is a multistage process that includes several reac-
tions (and catalysts), with heat-exchange between them
(steam reforming is highly endothermic), followed by hydro-
gen separation.

In addition, unless produced on-site, hydrogen has to be
compressed or liquefied, stored, transported, and distributed
to the end user. This, and the complexity and high energy
demand of the conventional hydrogen generation processes,
reduces significantly the overall efficiency of the hydrogen-
based energy pathway, making the price of hydrogen uneco-
nomical. On-board high-purity hydrogen generation from
natural gas by a portable autothermal membrane reformer,
combining exothermic and endothermic reactions, is a very
promising approach that can save costs of hydrogen storage
and distribution. Such a process should combine two reactors
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(reformer and combustor), heat exchange between them and
hydrogen separation into one compact and thermally inde-
pendent unit. For the autothermal packed bed membrane re-
former to be economical and practical, its energetic effi-
ciency should be better then the ratio of combustion engine
efficiency (\30%) to fuel cell efficiency (�60%), and its
power density (power to volume ratio) should be at least
similar to that of PEM fuel cells (�1 kW/L).

As there are large resources of natural gas in the world,
steam reforming of methane is of notable interest. The meth-
ane steam reforming (MSR) process is commonly described
by three reactions: methane conversion to H2 and CO (Eq.
1), the water gas shift (WGS, Eq. 2), and the direct (overall)
MSR reaction (Eq. 3).

CH4 þ H2O ¼ COþ 3H2 DH1 ¼ 206 kJ=mol (1)

COþ H2O ¼ CO2 þ H2 DH2 ¼ �41 kJ=mol (2)

CH4 þ 2H2O ¼ CO2 þ 4H2 DH3 ¼ 165 kJ=mol (3)

We briefly review pertinent information on elements of
such a process. Numerical1–6 and experimental7–15 investiga-
tion of hydrogen generation by MSR, using membrane
reformers, has been reported in many works. A packed bed
membrane reactor (PBMR)1–3,5–10 and a fluidized bed mem-
brane reactor (FBMR)4,11–15 are commonly used. As the
membrane reformer performance is limited by separation
rate, the optimization of membrane transport properties (per-
meability to hydrogen) is one of the important issues in the
developing of membrane reactor technologies.

Membranes composed of a Pd-Ag thin layer on a ceramic
or stainless steel porous supports8–10 are very promising, as
they exhibit higher permeabilities than that of Pd-Ag foil
membranes. As the Pd cost is prohibitive, other substitutes
with good selectivity for hydrogen separation, like car-
bon,16,17 silica,18,19 and zeolitic20,21 hydrogen-separation
membranes have been extensively investigated, but they still
cannot produce the desired selectivity and durability.

The high endothermicity of the MSR process remains one
of the major drawbacks in its implementation for portable
hydrogen generation. The membrane reformer has to be
coupled to a heat source, which is commonly done in experi-
mental works either completely7–12 or partially13–15 by elec-
trical heaters. Renewable energy sources, such as solar
energy,22 can be also used for this purpose, but mostly for
stationary applications as it requires quite bulky additional
equipment. Coupling MSR to an exothermic reaction, such
as methane oxidation (Eq. 4)4–6,13–15 or hydrogen oxidation13

is a prerequisite if it is aimed to design a portable, thermally
independent system.

CH4 þ 2O2 ¼ CO2 þ 2H2O DHOx ¼ �803 kJ=mol (4)

The thermal reactive coupling can be performed directly,
by performing endothermic and exothermic reactions over
the same catalyst bed (e.g., autothermal steam reforming,
ATR14,15), or indirectly, using heat exchange reactors.5,6

When air is used as an oxygen source for ATR in a mem-
brane reactor, nitrogen dilutes the reactive stream, suppress-

ing the hydrogen separation due to diminished hydrogen par-
tial pressure gradient. As using pure oxygen is not a practi-
cal approach, this appears to be an inherent disadvantage of
the direct coupling approach. In addition, using air for sup-
plying oxygen will increase the reactor dimensions; air also
has to be compressed to the pressures required to drive
hydrogen separation. Furthermore, finding a good catalyst
for the three reactions may be quite difficult: MSR is typi-
cally conducted with Ni, whereas MOx is usually conducted
on noble metals.

The indirect coupling version, where the exothermic and
endothermic reactions are separated in space, while being
less efficient for heat transfer, is free from the direct cou-
pling shortcomings discussed above. The indirect coupling
also enables operational flexibility, because the operating pa-
rameters of exothermic and endothermic compartments can
be independently adjusted. Numerical simulations of this
approach have been reported by Patel and Sunol,5 simulating
the oxidation compartment as a thin layer next to the wall of
a packed bed MSR compartment. We have reported the sim-
ulations of the indirectly coupled autothermal membrane re-
former,6 where hydrogen separation and the endothermic and
exothermic reactions are carried out in concentric tubes, in a
way similar to the experimental tests and the model pre-
sented here.

In recent publications23,24 we have demonstrated the feasi-
bility of hydrogen generation in a completely autothermal
packed bed membrane methane steam reformer. The re-
former was composed of three separated compartments: a
MOx catalytic bed, a MSR catalytic bed, and a hydrogen
separation membrane. A detailed parametric study was per-
formed23 and the hydrogen generation optimization was
experimentally demonstrated.24 Yet, the reactor efficiencies
(g, defined below) were lower than 20%.

This study is aimed at model-based optimization of the re-
former power output and its efficiency. A previously sug-
gested adiabatic model6 is modified for that purpose in the
next section by accounting for heat losses and by using more
realistic heat transfer parameters; the model is validated by
comparison with experimental results and then in section
Model extension it is used for studying two optimization strat-
egies. In section Design limits we plot various design limits
of the model. In section Thermodynamic optimization algo-
rithm an approximate analytical solution is suggested to deter-
mine the operation window and to find the best operation con-
ditions and a design algorithm is suggested and applied.

Autothermal Packed Bed Membrane Reformer Model

Reactor model. The reactor (see Figure 1 for schematic
representation) was simulated as a pseudo-homogeneous 1D
system. The simulated reactor comprises of two concentric
cylindrical compartments: for oxidation (Ox) on the outside
and for steam reforming (SR) in the inner compartment,
with the latter equipped with one or several hydrogen sepa-
ration membranes (all in the 0 \ z\ L domain). The exper-
imental system is detailed elsewhere,23,24 but it includes the
same compartments: the inner hydrogen separation mem-
brane, the intermediate bed packed with Ni/Al2O3 (SG-9301,
16.5 wt % NiO, Engelhard) bounded with (316SS) wall
for MSR and an outer tube (316 SS) packed with Pt/Al2O3
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(0.5 wt % Pt, Johnson Matthey) for MOx. A tubular heater
was wrapped around the Ox compartment to facilitate start-
up and the whole reactor was covered with a thermal insula-
tion layer. Two commercially available membranes were
experimentally tested: (i) Pd-Ag foil, Johnson Matthey (JM,
UK) and (ii) Pd-Ag supported film (Inconel support), REB
Research & Consulting (REB, US). The experimental unit
dimensions and membrane characteristics are listed in Tables
1 and 2. In the model, as in the experiments, a 10 bar pres-
sure and an atmospheric pressure are maintained in the SR
compartment and the Ox compartments, respectively, while
the membrane inner pressure is kept at 0.1 bar, in agreement
with some of the experiments (an atmospheric pressure was
maintained in others).

A standard transient pseudo-homogeneous model with
axial convection and thermal and mass dispersion terms is
used, with hydrogen permeation following Sievert’s law (Eq.
6a). The interphase transfer effects were included through
the axial thermal and mass dispersion terms. Although heter-
ogeneous model would be expected to provide a more accu-
rate solution, the model validation versus experimental data
(with no adjustable parameters) provided an acceptable
agreement (section Numerical solution validation). The
model takes the following form:

ðqCpÞke
@Tk

@t
¼ kkax

@2Tk

@z2
� ekðqvCpÞkg

@Tk

@z

þ qksð1� ekÞ
X
j

ð�DHjÞRj � ðakvUwDT
kÞHE � ðakvUwDT

kÞHL

(5)

ðeqgÞk
@yki
@t

¼ ðqgDaxÞk @
2yki
@z2

� ðeqgvgÞk
@yki
@z

þqksð1� ekÞP
j

aijRj � akv;MJ
k
i ð6Þ

Jki ¼ Ai exp
�EH2

RgTk

� �
D

ffiffiffiffi
pi

p� �k
(6a)

The index k ¼ M, SR, Ox denotes the compartment, the
index i ¼ CH4, O2, H2O, CO, CO2, H2 denotes the species,
whereas the indexes j ¼ 1 – 3 correspond to the three MSR
reactions (Eqs. 1–3) and j ¼ 4 to the MOx reaction (Eq. 4).
Thus, there are no reactions for k : M, while for k : SR,

reactions j ¼ 1 � 3 apply, etc. The intercompartmental heat
exchange (denoted by HE) applies for k : SR, Ox with
appropriate sign, whereas the heat loss term (denoted by HL)
applies only to k : Ox. Also, Jki ¼ 0 except for i ¼ H2 and
k : M, SR. Ideal gas, negligible radial gradients and negligi-
ble axial pressure drop are assumed. Note that variations in
total molar density have been neglected. Even though Eqs. 1
and 3 predict an increase in the number of moles, in a mem-
brane reactor a significant part of H2 is separated by the mem-
brane and the total molar density variations are neglected
here. Also, an infinite heat transfer coefficient between the
membrane interior and the SR compartment is assumed (TM ¼
TSR) and the axial dispersion term in the membrane interior is
neglected, i.e., (pgDax)

M ¼ 0. Other definitions include
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Qk
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The boundary (Danckwert’s) and initial conditions are:

z ¼ 0 : ekðqvCpÞkgðTk
f � TkÞ ¼ �kkax

@Tk

@z

ekðqvÞkgðykif � yki Þ ¼ �ðqgDaxÞk @y
k
i

@z
(7a)

z ¼ L :
@Tk

@z
¼ 0;

@yki
@z

¼ 0 (7b)

t ¼ 0 : Tkð0; zÞ ¼ Tk
int; yki ð0; zÞ ¼ yki;int (8)

Figure 1. Schematic of the membrane reformer show-
ing the three compartments: Ox, oxidation;
SR, steam reforming; TC, thermocouple.

Table 2. Membrane Dimensions and Permeability
Characteristics

Membrane Type S (cm2) L (mm) D (mm)

A (JM, UK) Pd-Ag foil 7.5 150 1.6
B (REB, US) Pd-Ag film

(Inconel-supported)
15 150 3.2

Membrane d (lm)
EH2

(kJ/mol)
AH2

[mol/(m2 s bar0.5)] Ref.

A (JM, UK) 70 6.6 0.4 JM, UK
B (REB, US) 10 10.7 0.9 REB, US

Table 1. Experimental Unit Dimensions

Section L(active) (mm) D (mm) dw, (mm) dp (mm)

SR 220 27 0.9 3–5
Ox 220 60 1.6 4–6
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The model was solved using the MATLAB PDE solver
with a second-order accurate spatial discretization, and with
the time integration done by the numerical differentiation
formulas. As setting the feed hydrogen molar fraction (yH2f )
to zero will lead to unbounded initial rate (see section
Kinetics), it was set at yH2f ¼ 10�5; it was verified that the
solution is insensitive to this value.

Parameters

In the model, thermophysical, kinetic and thermodynamic
parameters listed in the literature are used. However, the pa-
rameters crucial for reactor thermal management, such as the
wall heat loss coefficient (Uw,HL) and the catalytic bed effec-
tive axial conductivity (kax) are estimated from the experi-
mental data as shown below.

Kinetics

For MSR over a Ni/Al2O3 catalyst, the commonly used
rate expressions developed by Xu and Froment25 are used
(equilibrium constants, activation energies and adsorption
enthalpies can be found in the original article25):

R1 ¼ k1

p2:5H2

pCH4
pH2O � p3H2

pCO

Keq;1

� �
1

C2
(9a)

R2 ¼ k2
pH2

pCOpH2O � pH2
pCO2

Keq;2

� �
1

C2
(9b)

R3 ¼ k3

p3:5H2

pCH4
p2H2O

� p4H2
pCO2

Keq;3

� �
1

C2
(9c)

C ¼ 1þ KCOpCO þ KH2
pH2

þ KCH4
pCH4

þ KH2OpH2O

pH2

kj ¼ Aj exp
�Ej

RgT

� �
; Ki ¼ Bi exp

�DHi

RgT

� �

For the MOx reaction, the activation energy reported for
methane oxidation on supported Pt catalyst (EOx ¼ 86 kJ/mol)
is used.26 The pre-exponent was extracted from the Ox
conversion (fOx) versus T data provided by the catalyst
supplier (Johnson Matthey, UK) by least squares analysis,
assuming that the MOx kinetics is 1st-order in methane
and the reactor is ideally mixed and isothermal (AOx ¼ 5
� 103 m3 / (kg s)):

R4 ¼ kOxq
Ox
g yOxm ; KOx ¼ AOx exp

�EOx

RgT

� �
(10)

fOx ¼ sqsAOx exp½�EOx=ðRgTÞ�
1þ sqsAOx exp½�EOx=ðRgTÞ� (10a)

Intraparticle and interphase transport limitations

The use of the pseudo-homogeneous model implies ab-
sence of intraparticle transport limitations. We checked,
therefore, the criteria for ignoring these gradients. To verify

that intraparticle diffusion limitation can be ignored, we cal-
culated the Thiele Modulus27 (for a first order reaction j,
/2
j ¼ R2

h kVj / De) and found for the SR reaction that /SR\ 1
when T \ 650�C (De ¼ 1.5 � 10�6 m) under inlet condi-
tions (the highest SR reaction rate) and for dp ¼ 4 � 10�3

m, which is about an average size of the catalyst pellets
used in our experimental demonstrations.23,24 Therefore,
intraparticle diffusion limitations are not expected in this
case, where the reactor temperatures were mostly in the
range of 500�C \ T \ 700�C. The Ox reaction is much
faster, but kinetic parameters were obtained by fitting the
catalyst manufacturer data (Eq. 10a), which already account
for such gradients. To verify that temperature intraparticle
gradients may be neglected we calculated the isothermal cat-
alytic pellet criterion (|DHj|Rjd

2
p / (4kgT)\ 0.75TRg / Ej for a

reaction j28,29) and found that it is satisfied for both MSR
and MOx under inlet conditions in the relevant temperature
range (500�C\ T\ 700�C).

To test the presence of the interphase transport limitation
we calculated the criteria |DHj| Rjdp / (2hfsT) \ 0.15TRg / Ej

and Rjdp / (2yi qgkc) \ 0.15 for the heat and mass transfer
resistances,29 using the correlated gas-particle transfer coeffi-
cients27 in the range of hfs � 0.5 – 1.2 kJ / (m2 s K) and
kc � 0.05 – 0.15 m / s for Rp ¼ 10 – 100. The calculations
showed that for both MSR and MOx ignoring mass transfer
resistance is justified for all the relevant operation condi-
tions. On the other hand, the heat transfer film resistance
may be significant for Rp \ 20 (when hfs is relatively low).
Yet, the model, which does not account for the interphase
heat transport limitation, predicted well the experimental
data (section Numerical solution validation) and these effects
were neglected here.

Transport coefficients

Intercompartmental Wall Heat Transfer. The wall heat
transfer coefficient between the SR and Ox compartments
is determined from the following (resistances in series)
expression:

Uw;HE ¼ 1

1=ðhSRw Þ þ dSRw =ðkSRw Þ þ 1=ðhOxw Þ (11)

The wall heat transfer coefficients for each reactor com-
partment (hOxw , hSRw ) are estimated from the following correla-
tion30,31:

Nuw;HE � hwdp
kg

¼ dp
dt

2Bis
krs
kg

þ bfð2Bis þ 8Þ
� �

(12)

The correlation accounts for effects of tube-to-particle di-
ameter ratio (dp / dt), solid phase thermal conductivity (krs),
effects of fluid velocity, fluid phase radial heat transfer and
interphase heat transfer (bf) and the wall-to-solid heat trans-
fer (Bis); expressions for bf and Bis can be found in the orig-
inal articles.30,31 Over particle Reynolds number (Rep) range
of interest in the present article, for a fixed dp / dt, and for
constant thermophysical properties, Eq. 12 may be well
approximated by the linear dependence of Nuw,HE on Rep:
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Nuw;HE ¼ 0:23Rep þ 27:9 (13)

The correlated Uw,HE values were in the range of � 0.15
– 0.25 kJ / (m2 s K) for Rep ¼ 5 – 100 used in the simula-
tions. These values are similar to those estimated from an
overall approximate heat balance using the experimental
data, yielding values in the range of Uw,HE � 0.06 – 0.18 kJ
/ (m2 s K) for Rep ¼ 5 – 20.

Wall Heat Transfer and Axial Heat Dispersion.

The wall heat transfer (Uw,HL) and the effective axial heat
dispersion coefficients (kax) were obtained by fitting an ap-
proximate analytical solution of the temperature distribution
along the reactor to the experimental data using a least
squares analysis. To express the temperature profile analyti-
cally, it was assumed that at steady state most of the reac-
tions and the heat transfer between the Ox and SR compart-
ments take place immediately at the reactor entrance (the
experimentally observed hot spot is indeed located very
close to the reactor entrance,23,24 as it is expected for low
gas velocities6) and further temperature drop is mainly due
to the heat losses through the reactor wall. These assump-
tions imply that MOx occurs immediately. For this domain
the steady state enthalpy balance for the Ox compartment
accounts for axial thermal dispersion, convection and heat
losses:

0 ¼ kOxax
d2TOx

dz2
� eOxðvqCpÞOxg

dTOx

@z
� aOxv;HLUw;HLðTOx � TaÞ

(14)

TOx
��
z¼0

¼ TOx
max;

dTOx

dz

����
z¼L

¼ 0 (15)

The solution of this (ordinary, second-order) differential
equation is

T � Ta ¼ ðTmax � TaÞm1e
m1em2n � m2e

m2em1n

m1em1 � m2em2
(16)

m1;2 ¼ Pe�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pe2 þ 4PeU

p
2

; Pe ¼ eðvqCpÞgL
kax

;

U ¼ av;HLUw;HLL

eðvqCpÞg
The parameters Uw,HL and kOxax were extracted by fitting

Eq. 16 to temperature profiles measured in the experiments
(Rep ¼ 5 – 20) with three parameters (kax, Uw,HL and Tmax)
using a least squares analysis. Tmax is an imaginary parame-
ter representing the temperature at the entrance due to the
heating by MOx and cooling as a results of MSR; it is not
used in the exact numerical model. Individual values of the
three parameters were determined for each experiment (total
8 experiments) and then correlated with flow rate. The wall
heat transfer coefficient (Uw,HL) was found to exhibit a
power dependence on Rep, whereas the effective axial heat
dispersion coefficient was linearly dependent on Rep:

Nuw;HL ¼ Uw;HLdp
kg

¼ 0:21Re0:5p (17)

kax
kg

¼ 32:6Rep þ 54:5 (18)

The relatively high kax / kg values may be attributed to the
additional contribution of the heat conduction along the
walls of the SR and Ox compartment tubes (stainless steel,
0.9 and 1.6 mm thick, Table 1). The obtained axial heat dis-
persion correlation (Eq. 18) was used for both Ox and SR
compartments.

Axial Mass Dispersion.

The effective axial mass dispersion coefficient is obtained
from the following correlation32:

Dax ¼ e
Dm

sb
þ 0:5dpvg

� �
(19)

The correlated values of Dax were in the range of � 1 �
10�4 – 7.5 � 10�4 m2 / s, for Rep ¼ 10 – 100 used in the
simulations.

Numerical solution validation

The model was found to predict well the experimentally
measured temperature profiles and the experimental data in
general, as it is shown in Figure 2, where SR conversion (f SR),
CO yield (YCO, moles of CO generated per moles of CH4

reacted in MSR) and outlet membrane hydrogen flux JMH2;out
)

are plotted versus 4Pe*M, the ratio of methane feed to hydro-
gen transport capacity (Eq. 20, evaluated at T ¼ Tref ¼
650�C). PSR

t is the total pressure in the SR compartment. The
agreement was good for the two different membranes tested.

PeM ¼ ymfFtf

SMAH2

ffiffiffiffiffiffiffiffi
PSR
t

p
exp½�EH2

=ðRgTÞ�
(20)

Figure 2c represents the hydrogen production in terms of
the total hydrogen recovery (HR) and the corresponding fuel
cell electrical power output (P):

HR ¼ FM
H2

FSR
mf þ FOx

mf

(21)

P ¼ gFCDGFCFM
H2;out

¼ gFCDGFCðJMH2;out
SMÞ=ðNcÞ (22)

In Eq. 22, a fuel cell efficiency of gFC ¼ 0.6 is assumed;
DGFC ¼ 237 kJ / mol is the Gibbs free energy for fuel cell
hydrogen oxidation reaction and Nc is a conversion factor
from volumetric to molar flux.

The total hydrogen recovery, moles of hydrogen separated
by the membrane per total moles of methane fed, defines in
fact the reactor efficiency. The theoretical thermodynamic
maximal HR value is estimated from (–DH)Ox FOx

mf ¼ –
(–DH)SR FSR

mf and FM
H2

¼ 4FSR
mf , i.e., assuming complete SR
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conversion, no CO formation and adiabatic operation with
complete heat recuperation. This corresponds to HR ¼ 4 / (1þ
165 / 803) ¼ 3.32, which we set to be equivalent to the re-
actor efficiency of 1. A less conservative adiabatic efficiency
limit defined as above, but accounting for the sensible heat
carried by the outlet stream, i.e., (–DH)Ox FOx

mf ¼ –(–DH)SR

FSR
mf þ Cpg (FOx

tf þ FSR
tf )(Teff – Tf), yields HR ¼ 2.7 (reactor

efficiency of �0.8) for the effluent temperature of Teff ¼
700�C and the parameters of Figure 2.

Note that:
(i) High SR conversions can be achieved for 4Pe*M\ 0.2.
(ii) The performance for the two different membranes are

quite similar when it is expressed as a function of PeM; as it
is shown below (section Design limits), there exists an as-
ymptotic solution for very fast kinetics.
(iii) YCO is much smaller than the values expected for

closed-system (without membrane) equilibrium due to the
separation of hydrogen and declining temperature along the
reactor, as we show elsewhere.23

(iv) HR is small because of large heat losses,23,24 and there
are maxima in HR versus 4Pe*M plots (it can be particularly
seen for membrane B, at 4Pe*M � 0.3). Hydrogen recovery
from the SR stream (moles of hydrogen separated per moles
of methane fed to the SR compartment) was good, varying
between 3 and 4 for 4Pe*M \ 0.2, when compared with a
stoichiometric limit of 4(1 – PM

t / PSR
t ). PSR

t and PM
t are the

total pressures in the SR compartment and membrane inte-
rior, respectively.
(v) Increasing SR feed (with appropriate increase of Ox

feed) will require larger membrane area, but, if the same re-
actor dimensions are used, the heat loss will be similar and
consequently the relative impact of that loss will diminish
and HR values will be higher.

Model Extension

To demonstrate that the power output of a unit, of the size
used in experiments, can be economical the reformer opera-
tion is optimized by the following steps: (i) Increasing the
membrane area, which allows in turn to increase SR through-
put (with some adjustment of Ox flow, as explained below)
and consequently to diminish the relative effect of heat loss,
and (ii) Reducing the heat loss, as it will be expected in larger
units and/or by better thermal insulation. Later we also show
that recycling the SR compartment effluent, which includes
unreacted methane, to the Ox compartment feed significantly
improves the reformer efficiency (we have reported experi-
mental verification of this concept elsewhere24).

Figure 3 shows that �500 W of power is expected from
the same unit as that tested experimentally (Figure 2) just by
a 20-fold increase in the separation area (nM, number of
membranes, parameters of membrane B were used, Table 2),
also increasing significantly hydrogen recovery to �1.2
(compare with an adiabatic thermodynamic limit of �3.3
with complete heat recuperation and �2.7 in a normal cocur-
rent operation mode). Recall that introducing more separa-
tion area allows to increase the SR throughput, i.e., SVSR,
but it has to be compensated by increasing the flow rate in
the Ox compartment, to keep a sufficiently high reactor tem-
perature. To maintain average temperatures similar to those
measured in the experiments (�650�C24), the Ox feed flow

Figure 2. Simulated and experimentally obtained re-
former performance plotted versus 4Pe*M,
showing SR conversion (fSR), CO selectivity
(YCO), and hydrogen flux (JM

H2
): (a) membrane A

(Table 2, aMv 5 5.7 m1), SVSR 5 140–190 h1; (b)
membrane B (Table 2, aMv 5 11.5 m1), SVSR 5
160–560 h1; (c) hydrogen recovery (HR) and
power output (P), membranes A and B; param-
eters: y

Ox=SR
mf 5 0.075/0.3, SVOx 5 1000 h1.
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rate was increased from SVOx ¼ 1000 h�1 at nM ¼ 1 to
5000 and 10000 h�1 for nM ¼ 5, 20. The Ox compartment
methane feed concentrations (yOxmf ) was estimated by the
overall energy balance (with TOxeff ¼ TOxav ¼ 650�C and
assuming TOx ¼ TSR):

yOxmf ¼
�ð�DHÞSRFSR

mf þðTOx
eff �TfÞCpðFSR

tf þFOx
tf ÞþSWUwðTOx

av �TaÞ
ð�DHÞOxFOx

tf

(23)

This yielded yOxmf � 0.04 – 0.07, and resulted in a spatially
averaged simulated SR temperatures in a range of TSRav �
560 – 620�C (lower than the target value due to the assump-

tions made in Eq. 23). Interestingly, quite a similar perform-
ance was obtained in terms of fSR and JMH2;out

versus 4Pe*M
for different separation areas (Figure 3), indicating that this
representation can be used for generalization of results: high
conversions are obtained for 4Pe*M \ 0.2.

An efficiency of g ¼ HR / 3.32 � 0.7 and the power out-
put (P) of 600 W are predicted for the reformer, when the
separation area is increased 20-fold and the heat losses are
reduced to 1/4 of their value in experiments and the methane
utilization is optimized, Figure 4 (yOxmf � 0.07, SVOx ¼ 4000
h�1); g and P are presented as a function of methane utiliza-
tion (MU), defined as moles of methane fed for Ox per
moles of methane fed for SR:

MU ¼ FOx
mf

FSR
mf

(24)

Note that there is an optimal g as MU is increased, and it
is shifted to lower MU values as the heat losses are reduced.
The efficiencies obtained here are very close to the adiabatic
efficiency limit for cocurrent operation (�0.8, see section
Numerical solution validation). The volumetric power den-
sity of the simulated reformer (see dimensions in Table 1),
corresponding to 600 W, is 0.96 kW/L.

Design limits

Approximate solutions of the steam reforming conver-
sion, the corresponding hydrogen flux and of the tempera-
ture distribution along the reformer are derived below for
the asymptotic case of an infinitely fast reaction. This will
provide the membrane area design limit; the reformer ther-
modynamic optimization algorithm is subsequently
derived based on this design limit (section Thermodynamic
optimization algorithm). In the following subsections we
consider this kinetic design limits for the SR reactions,
and a design criterion that will avoid extinction in the Ox
reaction.

Figure 3. Predicted improved reformer performance,
upon adding membrane area (aM

v 5 11.5, 57.6,
230.5 m1, nM 5 1, 5, 20), showing (a) SR con-
version (fSR) and hydrogen outlet flux JH2

and
(b) hydrogen recovery (HR) and power output
(P) versus 4Pe*M SVOx 51000, 5000, 10000 h1,
respectively; parameters: ySRmf 5 0.33, yOx

mf is
defined by Eq. 23.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 4. Predicted improved reformer performance for
decreased heat loss coefficient from current
experimental value (UW) in terms of efficiency
(g) and power output (P) (y

Ox=SR
mf 5 0.07/0.33,

aM
v 5 230.5 m1, SVSR 5 4000 h1).
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Steam reforming conversion and hydrogen separation:
the fast reaction case

Methane SR conversion (fSR) in a membrane reformer
depends mainly on the hydrogen transport rate that shifts the
SR equilibrium, and on the reformer temperature that affects
SR kinetics, SR equilibrium, and H2 separation. Here, an an-
alytical approach, based on the asymptote of fast reaction, is
derived to provide analytical expressions for calculating fSR

as a function of equilibrium parameters and membrane Pec-
let number (PeM).

At steady isothermal conditions, while neglecting mass
dispersion and assuming no net CO formation (SR is repre-
sented solely by Eq. 3), Eq. 6 is reduced to the following
SR compartment mass balance (RSR : R3, kSR : k3):

eqgvg
dyi
dz

¼ aiSRqcð1� eÞRSR � aSRvMAi exp � EH2

RgT

� �
Dð ffiffiffiffi

pi
p Þ

(25)

This can be reduced to two equations (at a given tempera-
ture) describing the distribution of CH4 and H2 along the SR
compartment (f ¼ (ySRmf – ySRm ) / ySRmf , z ¼ nL):

df

dn
¼ DaSRK (26)

1

ymf

dyH2

dn
¼ 4DaSRK� 1

PeM

ffiffiffiffiffiffiffi
yH2

p � U
� �

; U ¼
ffiffiffiffiffiffiffiffi
PM
t

PSR
t

s
(27)

DaSR ¼ qcð1� eÞkSRV
ymfFtf

ffiffiffiffiffiffiffiffi
PSR
t

p ; K ¼
ffiffiffiffiffiffiffi
PSR
t

p
p3:5H2

C2
pCH4

p2H2O
� p4H2

pCO2

Keq;SR

� �
(28)

Combining Eqs. 26 and 27 yields:

dð4f � yH2
=ymfÞ

dn
¼ 1

PeM

ffiffiffiffiffiffiffi
yH2

p � U
� �

(29)

In the limit of an infinitely fast SR reaction, the equilib-
rium is assumed to be instantaneously established every-
where, while the reacting mixture composition varies only in
response to hydrogen transport.33,34 Then, the SR conversion
can be represented by the SR equilibrium (f : fe, derivation
is provided in the Appendix, Eqs. A1–A3):

4ð1� f Þ3ð1� yH2
Þ3

ð3� 2f Þ3 � 1

K0
y4H2

f ð1� yH2
Þ

ð3� 2f Þ ¼ 0; K0 ¼ Keq;SR

ðPSR
t Þ2
(30)

Although Eqs. 29 and 30 can be solved numerically, an
approximate analytical solution based on correlating equilib-
rium conversion (fe) with equilibrium H2 fraction (yH2

) using
Eq. 30 is derived here. Figure 5 shows that for fe [ 0.1, fe
can be well approximated as f ¼ ay2 þ by þ c (y � yH2

) for
various temperatures. Recall that Keq,SR : Keq,SR (T), so
that a : a(T, PSR

t ) etc.
Substitution of f ¼ ay2 þ by þ c into Eq. 29 with subse-

quent integration yields quite a simple analytical expression,
Eq. 31 (derivation is provided in the Appendix, Eqs. A4–

A6). The integration constant is found using the inlet condi-
tion y(0) ¼ ye (ye is the equilibrium value for a closed sys-
tem). It is also assumed that U ! 0, i.e., PSR

t 	 PM
t (high

SR operation pressure or/and applying vacuum in the mem-
brane interior).

8a

3
ðy3=2 � y3=2e Þ þ ð4b� 1=ymfÞð ffiffiffi

y
p � ffiffiffiffi

ye
p Þ ¼ n

2PeM
;

y � yH2
ð31Þ

Equation 31 has a form of a cubic polynomial in terms of
a new variable x ¼ ffiffiffi

y
p

, and the solution can be written ex-
plicitly (Cardano’s method, see the Appendix, Eqs. A7–A9),
providing an explicit analytical expression for yH2

ðnÞ:

yH2
¼ u�

�b

3u

� �2

; u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� �c

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�c2

4
þ

�b3

27

r
3

s
(32)

�b ¼ 3ð4b� 1=ySRmf Þ
8a

;

�c ¼ �y3=2e � 3ð4b� 1=ySRmf Þ
8a

ffiffiffiffi
ye

p � 3n
16aPeM

� �

Figure 6a plots the reformer outlet SR conversion (f SR)
calculated by Eq. 30 (f corresponds to the outlet H2 molar
fraction yH2

ð1Þ, Eq. 32) shown as triangles. It is also shown
that the temperature dependence of f SR can be well fitted
with two parameters by

f SR ¼ aSR expð�bSR=TÞ
1þ aSR expð�bSR=TÞ (33)

The transport-limited conversion (f SR, calculated by Eqs.
30, 32, Figure 6b) increases with T due to shifting equilib-
rium and with Pe*M (calculated by Eq. 20 with Tref ¼ 650�C
and PM

t ¼ 0.1 bar). This figure shows the minimal tempera-
ture required to achieve the desired conversion, provided the
catalyst is sufficiently active. As expected, this fSR(T) curves
converges at low Pe*M to the SR membrane equilibrium

Figure 5. Equilibrium SR conversion (fSR) versus H2 mol
fraction yH2

plots, (from Eq. 30) at different
temperatures, and their parabolic function fit;
PSR
t 5 10 bar.
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conversion (calculated by Eq. 30, while assuming complete
hydrogen separation, i.e., yH2

PSR
t ¼ PM

t ). The equilibrium is
nearly approached for 4Pe*M \ 0.2.

The overall hydrogen flux, corresponding to the fast reac-
tion asymptote, can be computed by integration of the local
flux (Sievert’s law) along the reformer, under the assump-
tions above:

JMH2;out
¼ AH2

exp
�EH2

RgTav

� � ffiffiffiffiffiffiffiffi
PSR
t

q Z1

0

ð
ffiffiffiffiffiffiffiffiffi
yðnÞ

p
� UÞdn (34)

Tav ¼
Z1

0

TðnÞdn (34a)

Typical y(n) spatial distribution (Eq. 32) and the corre-
sponding cumulative hydrogen flux (JH2

ðnÞ, Eq. 34) are pre-
sented in Figure 7. The outlet hydrogen flux (JMH2;out

) calcu-
lated by Eqs. 32, 34 for 0.14\ 4Pe*M \ 0.57 shows a limit-
ing value at high T (Figure 8a); JMH2;out

can be well correlated
with two parameters (in similarity to f SR) by

JMH2;out
¼ JMH2;maxa

M expð�bM=TÞ
1þ aM expð�bM=TÞ ; JMH2;max

¼ 4FSR
mf=S

M (35)

Note that the actual hydrogen output flow rate, which in
turn determines the fuel cell stack power output, is a product
of the hydrogen outlet flux and the separation area. Plotting
the power output (P, Eq. 22) at a constant methane SR feed
flow rate of 2.4 NL/min (a value required for �1 kW fuel
cell power output) shows that P depends crucially on PeM
(Figure 8b), i.e., on the separation area, particularly for rela-
tively low temperatures. For reasons of membrane stability
(800�C is about an upper limit for Pd-Ag membranes) and
thermal efficiency (the higher the reformer temperature the
higher is the heat loss) it is preferable to use more separation
area and to operate the reformer at relatively low tempera-
tures. This should be weighted in against the membrane cost.
Clearly, the temperature also should be sufficiently high to
provide reasonable activity, while the reactor volume should
be sufficiently small. The methane SR feed flow rate for Fig-
ure 8 follows from

FSR
mf ¼

FM
H2;out

4dð1� PM
t =P

SR
t Þ ¼

P

4dð1� PM
t =P

SR
t ÞgFCDGFC

(36)

Equation 36 accounts for incomplete SR and WGS conver-
sions (d ¼ 0.95 is assumed), while the factor (1 – PM

t /P
SR
t )

accounts for incomplete hydrogen separation.

Reformer temperature

The reformer temperature should be known to calculate
the SR conversion and hydrogen production rate (Eqs. 30–
35). The approximate analytical solution for the temperature
distribution was derived in section Transport coefficients,
Eqs. 16–18. The reformer overall enthalpy balance accounts
for the heat generated by MOx, consumed by MSR, and
removed with the effluent streams, and the heat losses to the
environment:

Figure 6. Limiting SR conversion (fSR) for fast reactions
as a function of temperature calculated by
Eqs. 30, 32 for (a) 4Pe*M 5 0.28 (showing also
its parametric fit by Eq. 33), and (b) various
Pe*M (the SR membrane equilibrium conver-
sion, SRME, is also shown).

Figure 7. Spatial variation of hydrogen molar fraction
yH2

and membrane flux JH2
along reformer

length (n).
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X
ð�DHkÞykmfF

k
tf f

k

�ðTeff � TfÞCpg

P
Fk
tf � SOxUw

R1
0

ðTðnÞ � TaÞdn ¼ 0 ð37Þ

k � Ox; SR

The temperature distribution is then computed by iterative
solution of Eqs. 16 and 37. (i) Tmax is first guessed, and the
temperature distribution T(n) and the effluent temperature
Teff are calculated by Eq. 16. Equations 17 and 18 provide
correlations for the heat transfer parameters; (ii) Tmax (the
initial guess), T(n) and Teff are then substituted into Eq. 37.
The Ox and SR conversions (fOx(Tmax) and fSR(Teff), Eqs.
10a and 33) are calculated at the maximum and effluent tem-
perature, respectively; (iii) If Eq. 37 is not satisfied, Tmax is
corrected again and so on, until a set of Tmax, Teff, and T(n)
that satisfies Eq. 37 is found.

SR kinetic limits

Two main assumptions have been made in the analytical
solution of the model: (i) infinitely fast SR reaction and (ii)
infinite heat transfer between the SR and Ox compartments.
The first assumption is valid when DaSR 	 1 (i.e., the initial
rate of the SR reaction is higher than the methane feed rate,
see Eq. 28 for definition). The following condition should be
also satisfied (reaction rate is higher than separation rate):

4PeMDaSR ¼ 4ASR exp �ESR=ðRgTÞ
	 


qcð1� eÞV
PSR
t SMAH2

exp �EH2
=ðRgTÞ

	 
 	 1 (38)

Note that for 4PeM � 1, which is a practical range, the
two limits are identical. Plotting this term versus T for vari-
ous membrane areas (Figure 9, 150–600 cm2) shows that the
analytical solution is restricted to T [ 550�C and to T [
650�C for 500 g (black lines) and 50 g (grey lines) of Ni/
Al2O3 (16.5 wt % NiO) catalyst, respectively, and methane
feed flow rate required for a �1 kW unit. Higher operation
temperatures allow reducing both catalyst amount and mem-
brane area, but also may harm membrane durability. A
search for a better catalyst is necessary to obey these condi-
tions. Recent reports suggest that SR reactions can well pro-
ceed on Ru-based catalyst at �500�C in a membrane reac-
tor.9 Experiments23,24 and simulations showed that tem-
perature intercompartment differences are indeed small,
supporting the assumption (ii); but significant gradients may
arise at the reactor entrance for high flow rates. As the ana-
lytical approach does not account for these gradients, it is
expected to overestimate the temperature near to the reactor
entrance.

Ox kinetic limits

In a packed bed catalyzing oxidation reaction (e.g., MOx),
hot spots, which move due to convection and conduction,
are expected to occur. If this front (in adiabatic systems) or

Figure 8. Limiting hydrogen production rate for various
Pe*M as a function of temperature: (a) hydro-
gen outlet membrane flux JM

H2;out
calculated

by Eqs. 32, 34; (b) corresponding power out-
put (P, Eq. 22), calculated for SR methane
feed flow rate of QSR

mf 5 2.4 NL/min.

Figure 9. Dimensionless reaction-to-separation rates
ratio (4PeMDaSR) as a function of temperature
for different separation areas and SR catalyst
amounts (black lines 5 500 g, grey lines 5
50 g), PSR

t 5 10 bar, membrane B.
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pulse (in nonadiabatic systems with heat losses) leaves the
system, the conversion drops to zero. The reactor limiting
throughput is determined by the conditions that induce down-
stream propagating hotspots. A design criterion for this limit,
for a spatially separated reactive coupling unit (e.g., MSR þ
MOx), has been reported elsewhere6; it provides an analytical
expression for the limiting average feed velocity ðvlimg Þ:

vlimg ¼ Tp
ffiffiffi
a

p

k
ffiffiffiffiffiffiffiffiffiffiffi
TfDT

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qs

eqgCpg

kaxAOx

c
exp � cTf

Tp

� �s
(39)

vlimg ¼ ðvlimg ÞSRð1� aÞ þ ðvlimg ÞOxa; kax ¼ kSRax ð1� aÞ þ kOxax a;

a ¼ AOx
cs

ASR
cs þ AOx

cs

c ¼ EOx

RgTf
; Tp ¼ Tf þ kDT; k ¼ ySRmfMU

yOxmf þ ySRmfMU
;

DT ¼ ð�DHÞyOxmf

Cpg

Equation 39 evaluates axial conduction and oxidative heat
generation that induce upstream hot spot propagation (right
side of Eq. 39), against convection that pushes the hot spot
downstream (left side of Eq. 39). The effects of the
endothermic reaction are accounted for via geometry and
methane utilization factors (a, k) and via enthalpy effects
((�DH)6). Although Eq. 39 was developed for adiabatic sys-
tems, we modify it for nonadiabatic systems. As the main
effect of heat losses on thermal spot dynamics will be
through the peak temperature, we estimate DT to account for
the heat losses as follows:

DT � ð�DHÞyOxmf=Cpg

1þ SwUw=ðFOx
tf CpgÞ

(40)

Figure 10 presents the limiting SR throughput ((SVlim)SR

¼ (vlimg )SR / L) calculated for a 1 kW unit and various Ox
methane feed concentrations (yOxmf ), showing a steep perform-
ance drop for small MU. Operation is limited to the domain
below the (SVlim)SR versus MU curve (for a given yOxmf ),
while the right boundary is limited by MU, which should be
held below 1; using MU [ 1 results in inefficient operation
and overheating (as it is demonstrated in the following section).
It can be also seen that using relatively high methane feed con-
centrations is preferable and it should be at least higher than
0.04. The limiting throughput calculations were in a good
agreement with the analytical prediction (see next section).

Thermodynamic optimization algorithm

The analytical approach described in the previous section
approximates the reformer temperature distribution, SR con-
version and hydrogen outlet flux for a given set of parame-
ters. We use this approach now for predicting and optimizing
the reformer performance. Note that the optimization is
based on thermodynamics and equilibrium data and does not
account for kinetic limitations; the kinetics is considered
only through the restriction of sufficiently high 4PeMDaSR
for the SR reaction and the condition avoiding down-stream
moving fronts (as it is described in previous section) for the
oxidation reaction.

In the process we set a desired reformer power output (P,
Eq. 22) and optimize reformer efficiency (g). To calculate g
¼ HRanl / HRmax (HRmax ¼ 4/(1 þ 165 / 803) ¼ 3.32, sec-
tion Numerical solution validation), hydrogen recovery (HR)
is first estimated, based on the overall enthalpy balance, as a
function of the operation parameters:

fOxð�DHÞOxFOx
mf ¼ �f SRð�DHÞSRFSR

mf þ DTrCpðFSR
tf þ FOx

tf Þ
þSWUwDTw ð41Þ

DTr ¼ Teff � Tf ; DTw ¼ Tav � Ta; Tav ¼
R1
0

TðnÞdn

HRanl ¼ 4f SRFSR
mf

FSR
mf þ FOx

mf

¼ 4f SR

1� f SRDHSR

fOxDHOx þ DTrCp

fOxð�DHOxÞ
MU
yOx
mf

þ 1
ySR
mf

� �
þ MU

yOx
mf
fOxð�DHÞOx

SWUwDTw
FOx
tf

(42)

Optimization algorithm

The following algorithm computes the reformer efficiency
(g) and the power output (P) of a polymer electrolyte mem-
brane fuel cell (PEMFC) stack fueled by hydrogen generated
by the reformer.

(i) For a desired power output (P), the required methane
SR inlet flow rate (FSR

mf ) is calculated by Eq. 36.
(ii) For FSR

mf calculated in (i), the expected power output
(P) is mapped, for infinitely fast reaction, in a domain of
operation temperature and membrane area by Eqs. 32, 34,
and 22. Both parameters affect equilibrium conversion and
usually there is a tradeoff between the two. The required
membrane area is then evaluated considering the desired
operation temperature and membrane cost.

Figure 10. Limiting SR gas space velocity (SVSR)lim 5
(vOx

g )lim/L, that will sustain a front within the
system, as a function of methane utilization
(MU) for different CH4 Ox feed concentra-
tions (yOx

mf ), calculated by Eqs. 39, 40 for
a 1 kW unit (Table 3, QSR

mf 5 2.4 NL/min,
yOx
mf 5 0.33).
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(iii) The reformer geometry is defined considering the sep-
aration area defined in (ii), i.e., providing enough space for
the membranes, minimizing pressure drop through the
packed beds etc. The catalyst loading is selected to provide
sufficiently high SR initial reaction rate, i.e., to satisfy DaSR
	 1 and 4PeM DaSR [ 1 (see section SR kinetic limits).
(iv) The reformer efficiency (g) is estimated by Eq. 42,

with Eqs. 10a, 33 (conversions) and 16, 37 (temperature)
and the power output (P) is computed by Eqs. 35, 22 (using
previously defined temperature), for FSR

mf defined in (i) and
the reformer geometry defined in (ii, iii). Then, g and P are
plotted in the methane Ox feed concentration versus methane
utilization (yOxmf versus MU) operation window. Recall that
conversions and hydrogen flux are temperature-dependent;
therefore an iterative procedure is required (as it is described
in section Reformer temperature).

Analytical solution validation

A typical example of good agreement between the analyti-
cal approximated solution (open symbols) and the exact nu-
merical model solution (solid lines), both expressed in terms
of the reformer efficiency (g) and power output (P) versus
methane utilization (MU) is shown in Figure 11. Recall, that
many assumptions have been made in derivation of the ana-
lytical solution. Yet, it shows an acceptable agreement with
the exact model. However, the analytical solution differs sig-
nificantly at low MU values, where a transition from the
extinguished state (insufficient methane Ox supply) to the
ignited states occurs. For most of the MU range, the agree-
ment is good, therefore the analytical solution may be used
at least for preliminary estimation of the operation window.

The analytical approximation also provides a good estima-
tion for the experimental data, Figure 12, where the results
are presented in terms of the reactor efficiency (g) and
power output (P) versus the membrane Peclet number
(4Pe*M, Eq. 20, evaluated at T ¼ 650�C). The analytical so-

lution predicts well the experimental points, confirming that
it can be used for estimation of the reactor performance.

1 kW unit optimization

In this section, an example optimization performed for a 1
kW unit is presented. After (i) the required methane SR feed
flow rate is calculated, (ii) the power output is estimated as
a function of temperature and membrane area, Figure 13. A
membrane area of more than 450 cm2 and the reformer tem-
perature higher than 600�C are required in the case of very
fast reactions, to achieve desired equilibrium conversion. For
Ni catalysts, high initial SR rate (DaSR 	 1) can be achieved
for T[ 500�C, and thus temperature is not a limiting factor.

Next, the separation area is selected; the selection is
mainly based on the membrane thermal durability. The
higher the temperature that the membrane can withstand; the
lower the required separation area is. Here, it is assumed
that the membrane can be operated at 700�C, selecting the
membrane area of 450 cm2 as a design parameter; the re-
former dimensions are subsequently defined based on
the considerations described in step (iii) above. Table 3 lists
the dimensions of the reformer (with 22 hydrogen separa-
tion membranes) designed for fueling 1 kW PEMFC stack,
aMv ¼ SM / VSR.

The final step in the optimization procedure is mapping
and optimizing the expected reformer power output and effi-
ciency in the parameters domain, using the membrane area,
catalyst loading and reformer dimensions determined before.
As SR methane feed flow rate (FSR

mf ) is defined by the
required power output and conversion considerations (step
(i), Eq. 36) and the SR methane feed concentration (ySRmf )
cannot be significantly varied (0.33 is a stoichiometric maxi-
mum, while lower concentrations will lead to a dilution of
the reactive stream and less efficient hydrogen separation23).
The two key design parameters remaining for optimization

Figure 11. Analytical model prediction and simulations
of the 1 kW unit (Table 3) in terms of effi-
ciency (g) and power output (P) as a function
of methane utilization (MU); QSR

mf 5 2.4 NL/
min, SM 5 450 cm2, aM

v 5 46 m1, yOx
mf 5 0.05.

Figure 12. Reformer performance (dimensions listed in
Tables 1, 2; membrane B) calculated by ana-
lytical model when compared to performance
measured in the experiments; aM

v 5 11.5 m1,
y
Ox=SR
mf 5 0.075/0.3, SVOx 5 1000 h1.
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are the Ox methane feed flow rate (or methane utilization,
MU) and methane Ox feed concentration (yOxmf ).

Figures 14a–c present the reformer power output and effi-
ciency in a yOxmf versus MU domain and the corresponding re-
former average temperature (Tav, defined as in Eq. 34a). The
desired power output can be obtained in a relatively wide
range, but the reformer efficiency is optimal in a relatively
narrow window; the maximum efficiency of g � 0.55 is
achieved for yOxmf 
 0.07 and 0.4 � MU � 0.7. Low (practi-
cally zero) power output and efficiency are expected for low
MU values due to insufficient energy supply from the Ox
compartment, leading to reformer temperatures, that are too
low to activate SR reactions and H2 separation, Figure 14c.
The efficiency drop for high MU is due to inefficient meth-
ane utilization that can also lead to reformer overheating for
high methane concentrations, Figure 14c. Interestingly, the
operation domain boundaries predicted by the analytical so-
lution is in a relatively good agreement with those predicted
by the dynamic model analytical solution, limiting the opera-
tion window for MU [ 0.5 and yOxmf [ 0.04 (Eqs. 39, 40,
Figure 10).

The thermodynamic optimization showed that there is an
optimal MU value and that high efficiency is in general
favorable by using high yOxmf that results in decreasing inlet
Ox flow rates and, therefore, lower enthalpy required to heat
it up. The detailed parametric study performed both by the
thermodynamic calculations and simulations showed that the
efficiency can be further improved up to g � 0.8 by provid-
ing more separation area and lowering heat losses. Figure 15
shows the simulated performance of the optimized 1 kW
unit in terms of P and g; yOxmf ¼ 0.075 was used, the

Figure 13. Expected FC stack power output as a func-
tion of T and SM (membrane B); target: 1 kW;
QSR

mf 5 2.4 NL/min, PSR
t 5 10 bar, PM

t 5 0.1 bar.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Table 3. Dimensions of the Reformer Designed for Fueling
1 kW FC Stack

DM

(cm)
LM

(cm)
SM

(cm2)
DSR

(cm)
DOx

(cm)
LOx

(cm)
aMv

(m�1)

0.32 20.3 450 6.4 8.9 30.2 47

Figure 14. Reformer performance predicted by analyti-
cal approximation, 1 kW unit: (a) efficiency
(g), (b) power output (P) and average tempera-
ture (Tav). QSR

mf 5 2.4 NL/min, P
SR=M
t 5 1/0.1

MPa, 4Pe*M 5 0.2, dimensions listed in Table 3.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

AIChE Journal February 2011 Vol. 57, No. 2 Published on behalf of the AIChE DOI 10.1002/aic 537



separation area was increased to 675 cm2, the heat losses
were reduced by 50%. The optimum for g is at MU � 0.6,
where P also achieves its maximal value.

Recycle

To improve the reformer efficiency, SR effluent stream
that contains various combustible components, i.e., unreacted
methane, unseparated hydrogen, and carbon monoxide, can
be recycled to the Ox compartment to provide additional en-
thalpy. This approach assures (i) higher reformer tempera-
tures, (ii) complete overall methane conversion, (iii) utiliza-
tion of effluent gases, which are polluted to atmosphere dur-
ing the normal operation, and, therefore, (iv) no carbon
monoxide pollution.

Although the same optimization algorithm is used for cal-
culating the reformer performance with recycle, the equa-
tions for the reformer efficiency and temperature rise are
modified to account for the recycle. Enthalpy balance is
rewritten as follows:

fOxð�DHÞOx½FOx
mf þ ð1� f SRÞFSR

mf � ¼ fOxð�DHÞOxRFOx
mf

MU � FOx
mf

FSR
mf

;R ¼ 1þ ð1� f SRÞ
MU

� �

fOxð�DHÞOxRFOx
mf ¼ �f SRð�DHÞSRFSR

mf þ DTrCpðFSR
tf

þFOx
tf Þ þ SWUwDTw ð43Þ

Therefore, to account for recycle, (–DH)Ox is simply mul-
tiplied by R in all the calculations. Equation 43 does not
account for H2 and CO in the SR effluent stream, as for effi-
cient H2 separation (by applying PM

t ¼ 0.1 bar and providing
sufficient separation area) the majority of H2 is separated
and most of CO is converted to CO2 (as it is also supported
by the experiments, Figure 2). On the other hand, in Uw cal-
culations we accounted for higher feed flow rates in the Ox
compartment, which are the result of the SR effluent addi-
tion to the Ox feed. It can be clearly seen from the definition
of R that recycling is effective only for small SR conver-
sions and methane utilization ratios. Figures 16a–c present
the results of the calculations performed for recycle operation

(1 kW target PEMFC stack power output). The operation win-
dow is significantly widened and much higher efficiencies can
be obtained, while using the recycle operation mode.

Figure 15. Optimized 1 kW unit, yOx
mf 5 0.075, SM 5 675

cm2, 0.5 Uw; other parameters as in Figure 14.

Figure 16. Reformer performance predicted by analyti-
cal approximation; 1 kW unit, recycle opera-
tion (Eq. 43): (a) efficiency (g), (b) power out-
put (P) and average temperature (Tav). Q

SR
mf 5

2.4 NL/min, P
SR=M
t 5 1/0.1 MPa, 4Pe*M 5 0.2,

dimensions listed in Table 3.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Conclusions

Autothermal membrane packed bed reformer (ATMPBR)
for hydrogen generation by steam reforming of methane has
been studied theoretically, using a comprehensive numerical
model and an approximate analytical solution and capitalizing
on the experimental data, to optimize the reformer power out-
put and efficiency. The reformer comprises of two separate
catalytic packed bed compartments for methane oxidation
(Ox) and steam reforming (SR), with heat exchange between
them, and hydrogen separation membranes for extraction
hydrogen generated in the steam reforming bed. Performing
methane oxidation in an adjacent fixed bed allows for operat-
ing the reformer autothermally, while the operating parameters
of the reforming and oxidation processes can be relatively in-
dependently adjusted. Simultaneous hydrogen separation by
Pd-Ag hydrogen perm-selective membranes shifts the SR
equilibrium, resulting in high methane conversions at rela-
tively low temperatures, also providing extra-pure hydrogen
that can be directly fueled to a PEMFC stack.

We first have developed an appropriate comprehensive
model with no adjustable parameters (some of the parame-
ters were estimated from the experimental data), solved it
numerically, validated versus the experiments and then used
it for the hydrogen generation optimization in terms of the
reformer efficiency and power output. The problem then has
been solved analytically, providing an analytical explicit
approximation, and a thorough model-based optimization
algorithm has been developed. A detailed parametric study,
based on the experimental results, numerical simulations and
kinetics and thermodynamics considerations, has been per-
formed and the design limits have been determined.

The optimized reformer, with optimized hydrogen separation

area, exothermic-to-endothermic feed ratio and reduced heat
loss was shown to be suitable for fueling kW-range PEMFC

stacks, providing a methane-to-hydrogen conversion efficiency

of up to 0.8 (which is expected to provide an overall methane-

to-electrical power efficiency of a combined ATMPBR-PEMFC
unit of �0.5) and a volume power density of �1 kW/L. Recy-

cling SR effluent with subsequent combustion of unreacted and

unseparated compounds in the Ox bed is expected to provide an
additional gain in terms of process efficiency.

Although the results for steady operation are encouraging,

several dynamic problems should be considered. System
start-up is a crucial issue, particularly for on demand power

generation units. To ignite the reformer, it first has to be

heated to the methane ignition temperature (�450�C). It
may be done by an electrical heater, while there is no need

to heat up the whole reformer. Raising temperature to the

ignition limit over a narrow zone at the reactor entrance
should send a front that heats the whole reactor. The impli-

cations for battery size should be checked. The ignition may

be assisted by the addition of low light-off temperature
hydrocarbons to the Ox feed (e.g., ethylene ignites at

�150�C over the Pt/Al2O3 catalyst used in this study).
The integration with a PEMFC stack under conditions of

varying power demand is more problematic. Yet, changes in
the required hydrogen supply may be responded simply by
varying SR methane feed flow rate, while the corresponding
change in enthalpy is compensated by varying Ox methane
feed flow rate, to provide an optimal thermal management of

the reformer. With the design of indirect thermal coupling,
the parameters of the Ox and SR compartments can be inde-
pendently adjusted. The optimization algorithm we have
developed allows for calculating the required feed rates.
Obviously, in an autonomous system, a process control will
be eventually required to assure proper operation and to pre-
vent reactor extinctions and runaways.

Notation

Aj ¼ pre-exponential of the rate coefficient of a reaction j25

Ak
cs ¼ cross-sectional area of a compartment k

AH2
¼ membrane permeability to hydrogen, mol/(m2 s bar0.5)

Bi ¼ pre-exponential of the adsorption coefficient of a specie i25

Bis ¼ wall-to-solid heat transfer Biot number
Cpg ¼ gas heat capacity, kJ/(mol K)
dp ¼ particle diameter, m
dt ¼ tube diameter, m
dw ¼ wall thickness, m
Dk ¼ diameter of a compartment k
Dax ¼ effective axial mass dispersion, m2/s28

De ¼ effective gas intraparticle diffusivity, m2/s
Dm ¼ gas molecular diffusivity, m2/s

DaSR ¼ SR Damköhler number, Eq. 28
Ej ¼ activation energy for a reaction j, kJ/mol25

EH2
¼ H2 separation activation energy, kJ/mol

f ¼ conversion
F ¼ molar flow rate, mol/s

DG ¼ Gibbs free energy, kJ/mol
hfs ¼ fluid-solid heat transfer coefficient, kJ/(m2 s K)
hw ¼ effective wall heat transfer coefficient, kJ/(m2 s K)
HR ¼ hydrogen recovery, Eq. 21
DHj ¼ heat of reaction j, kJ/mol
JH2

¼ hydrogen flux, Ncm3/(cm2 min)
kj ¼ the rate coefficient of a reaction j25

Ki ¼ the adsorption coefficient of a specie i25

kax ¼ effective axial thermal conductivity, kJ/(m s K)
kc ¼ fluid-solid mass transfer coefficient, m/s

Keq,j ¼ equilibrium constant of a reaction j
kg ¼ gas thermal conductivity, kJ/(m s K)
kw ¼ wall thermal conductivity, kJ/(m s K)
L ¼ reactor length, m

MU ¼ methane utilization, Eq. 24
Nuw ¼ wall heat transfer Nusselt number (hwdp / kg)
pi ¼ partial pressure of a specie i, MPa
P ¼ power (Eq. 22), W
Pt ¼ total pressure, MPa, bar
Pe ¼ axial Peclet number (e(mqCp)g L/kax)

PeM ¼ membrane Peclet number, Eq. 20
Qtf ¼ total volumetric feed flow rate, m3/s
Rh ¼ hydraulic radius (Vp/Sp), m
Rj ¼ rate of a reaction j
Rg ¼ gas constant
Rep ¼ particle Reynolds number (qgvgdp/lg)
Sk ¼ external surface of a reactor compartment k
SM ¼ membrane area, m2

SV ¼ space velocity (3600Qk
tf /[(1�e)Vk]), h�1

t ¼ time, h
T ¼ temperature, �C, K
Ta ¼ ambient temperature (25�C)
Tav ¼ average temperature (Eq. 34a)
Uw ¼ overall effective heat transfer coefficient (Eq. 11), kJ/(m s K)
vg ¼ gas velocity, m/s
Vk ¼ volume of a compartment k, m3

yi ¼ molar fraction of a specie i
z ¼ axial reactor coordinate, m

Greek letters

aij ¼ the stoichiometric coefficient of a specie i in a reaction j
av ¼ surface-to-volume ratio, m�1

d ¼ correction factor for incomplete SR and WGS converisons
e ¼ catalytic bed porosity
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/i ¼ the extent of a specie i
/j ¼ Thiele Modulus of a reaction j
g ¼ hydrogen production efficiency (HR/3.32)
gj ¼ effectiveness factor of a reaction j
lg ¼ gas viscosity, (N s)/m2

qg ¼ gas density, mol/m3

qs ¼ solid density, kg/m3

s ¼ residence time, s
sb ¼ bed tortuosity
n ¼ dimensionless reactor coordinate (z/L)

Subscripts

av ¼ average
eff ¼ effluent
f ¼ feed
g ¼ gas

HE ¼ heat exchange
HL ¼ heat loss
int ¼ initial
m ¼ methane

max ¼ maximal
M ¼ membrane
p ¼ particle
t ¼ total
s ¼ solid
w ¼ wall

Superscripts

M ¼ membrane compartment
Ox ¼ oxidation compartment
SR ¼ steam reforming compartment

Abbreviations

FBMR ¼ fluidized bed membrane reactor
FC ¼ fuel cell

MOx ¼ methane oxidation
MSR ¼ methane steam reforming

PBMR ¼ packed bed membrane reactor
PEM ¼ polymer electrolyte membrane
Ox ¼ oxidation
SR ¼ steam reforming
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Appendix

A. Methane steam reforming (MSR) equilibrium in
membrane reactor

The MSR equilibrium is represented by RSR ¼ 0 (Eq. 9c):

pCH4
p2H2O

� p4H2
pCO2

Keq;SR
¼ 0 (A1)

The extents for different species are defined as follows
(here f denotes the equilibrium conversion):

/CH4
¼ 1� f ; /H2O

¼ 2ð1� f Þ; /CO2
¼ f

/H2
¼ yH2

P
i

/i ¼ yH2
ð3� 2f þ /H2

Þ; /H2
¼ yH2

ð3� 2f Þ
ð1� yH2

Þ
X
i

/i ¼ ð3� 2f Þ þ yH2
ð3� 2f Þ

ð1� yH2
Þ ¼ ð3� 2f Þ

ð1� yH2
Þ

EquationA1 is then expressed in terms of f andyH2
ðpi ¼ yiP

SR
t ;

yi ¼ /i=
X
i

/iÞ :

yCH4
y2H2O

� PSR
t

� �2
KSR
ep

y4H2
yCO2

¼ 0 (A2)

4ð1� f Þ3ð1� yH2
Þ3

ð3� 2f Þ3 � 1

K0
y4H2

f ð1� yH2
Þ

ð3� 2f Þ ¼ 0; K0 ¼ KSR
eq

PSR
tð Þ2
(A3)

B. Hydrogen mol fraction spatial distribution in mem-
brane reactor

Substitution of f ¼ ay2 þ by þ c into Eq. 29 yields

dð4ay2 þ 4byþ 4c� y=ymfÞ
dn

¼ ð8ayþ 4b� 1=ymfÞdy
dn

¼ 1

PeM

ffiffiffi
y

p � U
� � ðA4Þ

Eq. A4 is then rearranged and integrated using a new vari-
able x:

x ¼ ffiffiffi
y

p
; x2 ¼ y; dy ¼ 2xdx

Z
xð8ax2 þ 4b� 1=ymfÞdx

ðx� UÞ ¼ 1

2PeM

Z
dn

8ax3

3
þ 4aUx2 þ ð8aU2 þ ð4b� 1=ymfÞÞx
þð8aU3 � ð4b� 1=ymfÞUÞ lnðx� UÞ ¼ n

2PeM
þ C ðA5Þ

The constant C is then found using the inlet condition y(0)
¼ ye; ye is the equilibrium value for a closed system. The

closed system equilibrium expression is obtained by the

same approach as in A-1, but with /H2
¼ 4f and ye ¼ 4f /

(3 þ 2f). Note that
ffiffiffi
y

p
> U (hydrogen partial pressure in the

SR compartment is higher than that in the membrane inte-

rior) has to be satisfied. The solution of y(n) for U ! 0, i.e.,

PSR
t 	 PM

t (high SR operation pressure or/and applying vac-

uum in the membrane interior) is

8a

3
ðy3=2 � y3=2e Þ þ ð4b� 1=ymfÞð ffiffiffi

y
p � ffiffiffiffi

ye
p Þ ¼ n

2PeM
(A6)

In terms of x Eq. A6 has a form of a cubic polynomial:

x3 þ �ax2 þ �bxþ �c ¼ 0 (A7)

The solution can then be written explicitly (Cardano’s
method):

x ¼ u� p

3u
� �a

3
(A8)

�a ¼ 0; �b ¼ 3ð4b� 1=ymfÞ
8a

;

�c ¼ �x3e �
3ð4b� 1=ymfÞ

8a
xe � 3n

16aPeM

� �

p ¼ �b� �a2

3
¼ �b; u ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� q

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2

4
þ p3

27

r
3

s
;

q ¼ �cþ 2�a3 � 9�a�b

27
¼ �c

y ¼ u�
�b

3u

� �2

; u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� �c

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�c2

4
þ

�b3

27

r
3

s
(A9)
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